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We obtain the effective gravitational equations on the codimension-2 and codimension-1 branes
in the cascading gravity model. We then apply our formulation to the cosmological case and ob-
tain the effective Friedmann equations on the codimension-2 brane, which are generically given in
terms of integro-differential equations. Adopting an approximation for which the thickness of the
codimension-2 brane is much smaller than the Hubble horizon, we study the Minkowski and de
Sitter codimension-2 brane solutions. Studying the cosmological solutions shows that the cascading
model exhibits the features necessary for degravitation of the cosmological constant. We also show
that only the branch which does not have the smooth limit to the self-accelerating branch in five-
dimensional model in the absence of the bulk gravity can satisfy the null energy condition as the
criterion of the stability. Note that our solutions are obtained in a different setup from that of the
original cascading gravity model in the sense that the codimension-1 brane contains matter fields
other than the pure tension.
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I. INTRODUCTION
The cosmological constant problem is one of the most pressing conceptual problems in physics. This problem arises
because the observed value of the vacuum energy is very small as compared to the values inferred from quantum field
theory. Recently, a braneworld model which could provide a promising framework for addressing the cosmological
constant problem has been developed. This model is the so-called cascading gravity model [1–4], which could induce
infrared modifications of gravity that can screen the effect of a cosmological constant. This idea, referred to as
“degravitation” [1, 5], could possibly provide a dynamical solution to the cosmological constant problem, since any
large cosmological constant initially present would degravitate away over time.
In the cascading gravity model, which is a generalization of the Dvali-Gabadadze-Porrati (DGP) model [6] to higher
dimensions, one constructs a sequence of branes with decreasing dimensions placed on each one, where each brane
action contains the induced gravity term. The gravitational force falls off faster at large distances in the cascading
model than in the original five-dimensional (5D) DGP model [2]. In the simplest six-dimensional (6D) cascading model,
our four-dimensional (4D) universe, codimension-2 brane, is placed on a codimension-1 brane which is embedded into
a 6D bulk spacetime. The 6D model contains two crossover scales, r3 :=
M24
M35
and r4 :=
M35
M46
, whereM6, M5 andM4 are
gravitational energy scales in the bulk and on the codimension-1 and codimension-2 branes, respectively. Assuming
that r3 ≪ r4, it is expected that the gravitational potential on the codimension-2 brane cascades from the 4D regime
at short scales, to the 5D one at intermediate distances and finally to the 6D regime at large distances. This model
addresses a problem in the 6D brane world models with the induced gravity. If there is no induced gravity term on the
codimension-1 brane, the bulk graviton propagator diverges logarithmically near the position of the codimension-2
brane. Then the energy scale r−14 acts as an infrared cutoff for the propagator [4] so that it remains finite even at
the position of the codimension-2 brane. The cascading model suffers a ghost instability if there is no tension on the
codimension-2 brane. However, very interestingly, it has been shown that there is a critical tension above which the
model becomes ghost-free [4, 7]. This model may also provide a mechanism for the degravitation [2, 3] which can
support a very small expansion rate of our universe even in the presence of a large cosmological constant, namely
the codimension-2 brane tension. Hence, the degravitation could provide a way to resolve the cosmological constant
problem.
The purpose of this paper is to see whether in reality there could be some features of degravitation in the cascading
gravity model. In order to establish if this model exhibits degravitation it is necessary to understand its cosmological
evolution and obtain the effective Friedmann equations. The cosmological behavior can be very different from the
ordinary 4D cosmology and the 5D DGP model, although they should be recovered in a certain limit. Cosmology in
the cascading gravity model has been studied in the context of the 5D theory in [8], which is composed of gravity
coupled to a scalar field [9], originated from the bending of the codimension-1 brane in the 6D bulk. This theory is
2a nonlinear extension of the weak gravity limit of the full 6D model, but it is not the unique extension. Although
the 5D theory may possess several similarities to the full 6D theory, the final confirmation should be made in the
context of the original 6D theory. A regular solution involving a flat codimension-2 brane with a tension has also
been discussed in [10]. Some implications of the cascading gravity model to cosmological events have been discussed
in, e.g., Refs. [11, 12].
In this paper, we present the covariant formulation of the nonlinear effective gravitational theory on the boundaries,
codimension-1 and codimension-2 branes. We then apply them to find the cosmological solutions, in particular, the
de Sitter solutions which may possess features of degravitation. In the gravitational equations on the codimension-2
brane, the bulk contributions are given in terms of the integration over the sixth direction where we take the finite
thickness of the codimension-2 brane into consideration. We study some cosmological solutions that show degravitation
of the cosmological constant in the cascading model. In these solutions the effect of the effective vacuum energy on the
Hubble expansion rate is suppressed by the ratio r3
r4
in comparison with the naive expectation from the ordinary 4D
cosmology. Moreover, we will discuss some self-accelerating solutions by applying the small thickness approximations
where the codimension-2 brane’s thickness is assumed to be much smaller than the size of the Hubble horizon. We also
show that only the branch which does not have the smooth limit to the self-accelerating branch in the 5D model in the
absence of the bulk gravity can satisfy the null energy condition on the codimension-1 brane. Note that our solutions
are obtained in a different setup than the original cascading gravity model [1, 4] in the sense that the codimension-1
brane contains matter fields other than the pure tension.
II. GRAVITATIONAL EQUATIONS IN THE CASCADING GRAVITY MODEL
In the simplest realization of the cascading gravity our codimension-2 brane world is placed on a codimension-1
brane embedded into a 6D bulk spacetime. We start from the general Arnowitt-Deser-Misner (ADM) form of the 6D
metric, with the bulk coordinate y playing the role of a time variable, 1
(6)ds2 = N2dy2 + gab(dx
a +Nady)(dxb +N bdy), (1)
where gab is the 5D induced metric on the codimension-1 brane with a, b = z, µ (here Greek letters denote the 4D
space indices.). Having the bulk and brane coordinate systems, the full 6D action can be written as
S =
M46
2
∫
d6x
√
−(6)g (6)R+
∫
d6x
√
−(5)g
(M35
2
(5)R+ Lmat5
)
δ(y)
+
∫
d6x
√
−(4)g
(M24
2
(4)R+ Lmat4
)
δ(y)δ(z). (2)
The codimension-1 brane is located at y = 0, and the codimension-2 brane is placed on the codimension-1 brane
at y = z = 0 (see Fig. 1). We are interested in the derivation of the gravitational equations on the codimension-2
brane. In the ADM formalism, the full 6D action for the cascading setup, including the appropriate Gibbons-Hawking
boundary term in the 6D part, can be rewritten as
S =
M46
2
∫
d6x
√
−(6)g ((5)R+K2 −KabKab) +
∫
d6x
√
−(5)g
(M35
2
(5)R+ Lmat5
)
δ(y)
+
∫
d6x
√
−(4)g
(M24
2
(4)R+ Lmat4
)
δ(y)δ(z), (3)
where the extrinsic curvature Kab is given by
Kab =
1
2N
(∂ygab −∇aNb −∇bNa), (4)
and K = Kabg
ab. To derive the gravitational equations we should take the variation of the action (3) with respect to
the variablesN , Na and gab which vanish at infinity but are nonzero on the boundary branes. Thus the boundary terms
1 The 6D metric is
gAB =
(
N2 +NaNa Na
Na gab
)
.
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FIG. 1: The configuration of the codimension-1 (plane) and codimension-2 (thick line) branes in the six-dimensional bulk is
shown. The induced metric on the codimension-1 brane is gab and on the codimension-2 brane is gµν .
arising in the variations give the contributions to the gravitational theory on the hypersurface of y = 0 (codimension-1
brane) and the hypersurface of y = z = 0 (codimension-2 brane). In the following sections, we consider the variation
of the 6D, 5D and 4D parts of the action and derive the effective gravitational theory on the codimension-1 and
codimension-2 branes, separately.
A. Variation of the 6D part of the action
Taking the variation of the bulk terms with respect to N , Na and gab gives the bulk Einstein equations
(6)GAB = 0, A,B = y, z, µ. (5)
The boundary contributions in the variation of the 6D part of the action give the contributions localized to the
hypersurface y = 0. Since there is no term coming from δ∂yN and δ∂yNa the only terms localized to the codimension-1
brane come from the term proportional to δ∂ygab. Since δgab does not vanish on the brane, the boundary contributions
to the variations of the 6D part of the action read
− M
4
6
2
∆y
∫
dzd4x
√
−(5)g (Kgab −Kab)δgab. (6)
Here we have used
√
−(6)g = N
√
−(5)g and △y is the discontinuity in a given quantity A over the codimension-1
brane namely, △yA = 2A|y=0+. From now on we omit the subscript
∣∣
y=0+
.
B. Variation of the 5D part of the action
Now we take the variation of the 5D part of the action (3) with respect to gab which gives us the contribution of
the 5D part on the codimension-1 brane. Since there is a codimension-2 brane embedded in the codimension-1 brane,
there are also contributions localized to the hypersurface y = z = 0. To obtain the 5D contributions localized to the
codimension-2 brane, we go to the ADM form of the 5D metric gab adapted to the codimension-2 brane where z plays
4the role of a time variable, 2
(5)ds2 = gabdx
adxb = N 2dz2 + gµν(dxµ +Nµdz)(dxν +N νdz), (7)
where gµν is the 4D induced metric on the codimension-2 brane. In the ADM formalism in the 5D spacetime, the 5D
part of the action (2) can be rewritten as∫
d6x
√
−(5)g
(M35
2
(5)R+ Lmat5
)
δ(y) =
M35
2
∫
d6x
√
−(5)g((4)R+K2 −KµνKµν)δ(y)
+
∫
d6x
√
−(5)gLmat5 δ(y), (8)
where
Kµν = 1
2N (∂zgµν −∇µNν −∇νNµ), (9)
and K = gµνKµν . Varying the 5D part of the action with respect to gab leads to
1
2
∫
dzd4x
√
−(5)g(M35 (5)Gab − Sab)δgab, (10)
which is localized to the hypersurface y = 0. Here Sab is the energy momentum tensor for matter on the codimension-1
brane. The contributions localized to the codimension-2 brane come from the variation δ∂zgµν . Note that there is no
term which is proportional to δ∂zNµ and δ∂zN in the variation of the 5D part of the action. Thus the only boundary
term localized to the codimension-2 brane coming from the variations of the 5D part of the action is
− M
3
5
2
△z
∫
d4x
√
−(4)g(Kgµν −Kµν)δgµν , (11)
where we have used
√
−(5)g = N
√
−(4)g. The discontinuity in a given quantity A across the hypersurface of z = 0
is given by △zA = 2A|z=0+. From now on we omit the subscript |z=0+.
C. Variation of the 4D part of the action
Finally, varying the 4D part of the action with respect to gab leads to
1
2
∫
d4x
√
−(4)g(M24 (4)Gµν − Tµν)δµaδνb δgab, (12)
where Tµν is the energy momentum tensor for matter on the codimension-2 brane.
D. Effective gravitational equations on the branes
Collecting the boundary contributions in the variations of all parts of the action (2) derived in the previous sections,
one can obtain the effective gravitational equations on the codimension-1 and codimension-2 branes. Combining (6)
with (10), (11) and (12), the boundary equations on the codimension-1 brane at y = 0 read∫
dzd4x
√
−(5)g (M35 (5)Gab − Sab) = ∆y
∫
dzd4x
√
−(5)g M46 (Kab −Kgab) (13)
+
∫
dzd4x
√
−(4)g
[
−M24 (4)Gµν + Tµν + 2M35 (Kµν −Kgµν)
]
δµa δ
ν
b δ(z).
2 The 5D metric is
gab =
(
N 2 +NµNµ Nµ
Nµ gµν
)
.
5Now we assume that the shift vector Na = na(x)s(y)ǫ(z). The function ǫ(z) is a regulating function with the following
properties: ǫ(∞) = 1, ǫ(−z) = −ǫ(z) and ǫ(z),z = 2δǫ(z), where δǫ(z) is a regularization of the Dirac delta function.
The function s(y) is the sign function, and s(y),y = 2δ(y). Using this ansatz one can see that the first term on the
right-hand side of (13) includes some terms localized to the codimension-2 brane. One can see this by using the
components of the extrinsic curvature Kab,
Kµν =
1
2N
[
∂ygµν − ∂(µNν) + 2ΓaµνNa
]
= K˜µν ,
Kzz =
1
2N
[
∂ygzz − 4nz(x)s(y)δǫ(z) + 2ΓazzNa
]
= K˜zz − 2nz(x)s(y)
N
δǫ(z), (14)
Kzµ =
1
2N
[
∂ygzµ − 2nµ(x)s(y)δǫ(z)− ∂µNz + 2ΓaµzNa
]
= K˜zµ − nµ(x)s(y)
N
δǫ(z),
where K˜ab represents the extrinsic curvature except for the terms proportional to δǫ(z). Thus the gravitational
equations on the codimension-1 brane at y = 0, off the codimension-2 brane at z = 0, are given by
(5)Gab =
1
M35
Sab +
2M46
M35
(K˜ab − K˜gab). (15)
Finally, let us derive the gravitational equations on the codimension-2 brane at y = z = 0. Plugging the components
of (14) into (13), and taking the integral over z across the codimension-2 brane, we obtain the terms localized to
the codimension-2 brane coming from the boundary contribution to the variations of the action (2). Therefore, the
boundary equations on the codimension-2 brane read
nν(x) = 0, (16)
(4)Gµν =
1
M24
Tµν + 2
M35
M24
(Kµν −Kgµν) + 4M
4
6
M24
∫
dz
N
N
nz(x)
(
gzzgµν − gzµgzν
)
δǫ(z). (17)
Equations (13), (16) and (17), along with the bulk Einstein equations (5), are equations of motion in the cascading
gravity model. It is obvious that when M46 = 0, the DGP gravitational equations on the codimension-2 brane are
recovered.
III. COSMOLOGY
A. Restricting the bulk metric for a cosmological codimension-2 brane
In this section, we apply the formulation developed in the previous section to cosmology.
1. Inhomogenenous bulk metric
First, we present the form of the most general bulk metric where a general cosmological codimension-2 brane is
embedded. We assume the Friedmann-Robertson-Walker (FRW) metric on the codimension-2 brane,
ds24 = −dt2 + a(t)2δijdxidxj , (18)
where a(t) is the scale factor of the flat three-dimensional space.
Starting from the most general bulk metric in the ADM form,
ds26 = N(t, x
i, y, z)2dy2 + gzz(t, x
i, y, z)
(
dz +Nz(t, xi, y, z)dy
)2
+ gtt(t, x
i, y, z)
(
dt+N t(t, xi, y, z)dy
)2
+ gij(t, x
i, y, z)(dxi +N i(t, xi, y, z)dy)(dxj +N j(t, xi, y, z)dy)
+ 2gzt(t, x
i, y, z)
(
dz +Nz(t, xi, y, z)dy
)(
dt+N t(t, xi, y, z)dy
)
+ 2gzi(t, x
i, y, z)(dz +Nz(t, xi, y, z)dy)(dxi +N i(t, xi, y, z)dy)
+ 2gti(t, x
i, y, z)
(
dt+N t(t, xi, y, z)dy
)(
dxi +N i(t, xi, y, z)dy
)
, (19)
6along the codimension-1 brane, y = 0, (19) reduces to
ds25 = gzz(t, x
i, 0, z)dz2 + gtt(t, x
i, 0, z)dt2 + gij(t, x
i, 0, z)dxidxj
+ 2gzt(t, x
i, 0, z)dtdz + 2gzi(t, x
i, 0, z)dzdxi + 2gti(t, x
i, 0, z)dtdxi, (20)
while along the codimension-2 brane, y = z = 0, (20) reduces to
ds24 = gtt(t, x
i, 0, 0)dt2 + gij(t, x
i, 0, 0)dxidxj + 2gti(t, x
i, 0, 0)dtdxi. (21)
The metric (21) is matched with the FRW metric (18), and
gtt(t, x
i, 0, 0) = −1, gij(t, xi, 0, 0) = a(t)2δij , gti(t, xi, 0, 0) = 0. (22)
Under our assumption on the shift vector Na = na(x)s(y)ǫ(z) (see Sec. 2.4) the constraints (16) require that
0 = nt(t, x
i)s(y)ǫ(z) = gzt(t, x
i, y, z)Nz(t, xi, y, z) + gtt(t, x
i, y, z)N t(t, xi, y, z) + gtj(t, x
i, y, z)N j(t, xi, y, z),
0 = ni(t, x
i)s(y)ǫ(z) = gzi(t, x
i, y, z)Nz(t, xi, y, z) + gti(t, x
i, y, z)N t(t, xi, y, z) + gij(t, x
i, y, z)N j(t, xi, y, z).
(23)
Note that since nµ(t, x
i) = 0, Nt and Ni also become zero in the whole bulk. We also have the relation
0 6= nz(t, xi)s(y)ǫ(z) = gzz(t, xi, y, z)Nz(t, xi, y, z) + gzt(t, xi, y, z)N t(t, xi, y, z) + gzj(t, xi, y, z)N j(t, xi, y, z).
(24)
In (24), it is reasonable to assume Na(t, xi, y, z) = na(t, xi, y, z)s(y)ǫ(z), where na(t, xi, y, z) does not contain distri-
butions, and
nz(t, x
i) = gzz(t, x
i, y, z)nz(t, xi, y, z) + gzt(t, x
i, y, z)nt(t, xi, y, z) + gzj(t, x
i, y, z)nj(t, xi, y, z). (25)
This constraint is severe, in the sense that the left-hand side of (25) is independent of the position in the bulk while
the right-hand side depends on it. Similarly, the constraint equations (23) reduce to
0 = nt(t, x
i) = gzt(t, x
i, y, z)nz(t, xi, y, z) + gtt(t, x
i, y, z)nt(t, xi, y, z) + gtj(t, x
i, y, z)nj(t, xi, y, z),
0 = ni(t, x
i) = gzi(t, x
i, y, z)nz(t, xi, y, z) + gti(t, x
i, y, z)nt(t, xi, y, z) + gij(t, x
i, y, z)nj(t, xi, y, z), (26)
where all the components of na(t, xi, y, z) are assumed to be regular everywhere in the bulk.
Let us check the compatibility with the boundary equations on the codimension-2 and codimension-1 branes, Eqs.
(15) and (17). Since the left-hand side of (17) is homogeneous with respect to xi, the right-hand side should also
be homogeneous. The second term in the right-hand side of (17), with the definition (9), depends on ∂zgµν . All
components of ∂zgµν are independent of x
i along y = z = 0. Thus along the codimension-2 brane, y = z = 0, ∂z g˜ij
(∝ δij) and ∂z g˜tt are independent of xi, and g˜ti = 0.
Nµ is written as a combination of gzµ and gµν , and through the definition of (9) it can induce an inhomogeneity in
the right-hand side of the first relation in (17), if gzµ is x
i dependent along z = 0. Thus we may require that gzµ is
independent of xi along z = 0. Since Kij ∝ δij , we have to impose Ni = 0 and Nt = Nt(t) along the codimension-2
brane, which leads to Nt = −N t(t) and Ni = 0. This also leads to gzt(t, xi, 0, 0) = −N t(t) and gzi(t, xi, 0, 0) = 0 on
the codimension-2 brane.
2. Homogeneous bulk metric
With the homogeneity and isotropy on the codimension-2 brane, we have imposed several boundary conditions on
the codimension-1 brane. However, it is still quite difficult to solve the gravitational equations for an inhomogeneous
metric ansatz. Thus we make further simplifications on the metric ansatz: We impose homogeneity over the bulk and
the branes, and drop all the xi dependence from the bulk metric (19); gAB(t, x
i, y, z)→ gAB(t, y, z).
Some additional simplification could also help to reduce the problem to a soluble one. On the codimension-2 brane,
gzi and its first order derivative ∂zgzi vanish. For further simplicity, we assume that gzi(t, y, z) = 0 over the bulk.
Similarly, we also assume that gti(t, y, z) = 0 over the bulk. Then, Eqs. (26) reduce to
0 = gzt(t, y, z)n
z(t, y, z) + gtt(t, y, z)n
t(t, y, z), 0 = gij(t, y, z)n
j(t, y, z). (27)
7From the second relation, nj(t, y, z) = 0. Here we assume that each term on the right-hand side of Eq. (27) is
zero. Since gtt(t, y, z) cannot be zero, n
t(t, y, z) = 0, and also nz(t, y, z) = 0 or gzt(t, y, z) = 0. If we set n
z = 0,
there is no effect on the codimension-2 brane from the bulk, and we then assume gzt(t, y, z) = 0. Taking Eq. (27)
into account, (25) becomes nz(t) = gzz(t, y, z)n
z(t, y, z). Since the product is independent of the bulk coordinates,
gzz(t, y, z) = u(t, y, z)fg(t) and n
z(t, y, z) = u(t, y, z)−1fn(t), where u(t, y, z), fg(t) and fn(t) are smooth functions of
the corresponding arguments.
From the above discussions, the bulk metric finally reduces to
ds26 = N(t, y, z)
2dy2 + fg(t)u(t, y, z)
(
dz +
fn(t)
u(t, y, z)
s(y)ǫ(z)dy
)2
+ gtt(t, y, z)dt
2 + gij(t, y, z)dx
idxj . (28)
For the given ansatz Eq. (28), the usual way to find a solution is to solve the Einstein equations. For the vacuum
bulk, the simplest nonsingular solution would be 6D Minkowski spacetime. In the rest of the paper, we will study
the cosmological brane solutions in the 6D Minkowski bulk. In the 5D DGP model, the cosmological solution was
originally found in the case of the 5D Minkowski bulk [13, 14]. Similarly, in 6D spacetime, it is also reasonable to
start from the case of the Minkowski bulk. In the next subsection, starting from 6D Minkowski spacetime, we will
construct the bulk metric where the codimension-2 brane with a 4D FRW universe is embedded. We will show that
the 6D metric (28) contains the case of Minkowski spacetime.
B. The 6D Minkowski bulk
We start from the 6D Minkowski spacetime with the foliation
ds26 = (c
2 − β2)dy2 + (dz + βdy)2 −
(
1 +
(β
c
z + cy
)(
H +
H˙
H
))2
dt2
+ a(t)2
(
1 +
(β
c
z + cy
)
H
)2
δijdx
idxj , (29)
where β and c are constants, a(t) is an arbitrary function of t and H(t) := a˙
a
. The dot denotes the derivative with
respect to t. The metric (29) clearly satisfies the 6D Einstein Eq. (5). Note that if β and c are time dependent the
metric is not a solution to Eq. (5). On the y = z = 0 hypersurface where the metric can be written as
ds24 = −dt2 + a(t)2δijdxidxj , (30)
the function a(t) can be interpreted as the cosmic scale factor of the FRW universe, where H becomes the Hubble
parameter. Imposing Z2 symmetry across the y = 0 and z = 0 hypersurfaces and choosing c
2 = 1 + β2, the bulk
metric reads
ds26 =
(
1 + β2
(
1− ǫ(z)2))dy2 + (dz + βs(y)ǫ(z)dy)2 (31)
−
(
1 +
( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)(H + H˙
H
))2
dt2 + a2
(
1 +
( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)H)2δijdxidxj .
From the comparison with the ADM metric in Eq. (1), it is straightforward to read off the lapse function, shift vector
and induced metric components. It is clear that the metric (31) is invariant under the parity transformation y → −y
or z → −z. The assumption of the regularized profile of ǫ(z) is particularly important to see the contributions from
the 6D bulk on the codimension-2 brane. On the other hand, it is enough to assume the codimension-1 brane as a
distributional object, where ǫ(z) and δǫ(z) are treated as the usual sign function and the delta function, respectively.
Clearly, the bulk solution Eq. (31) is included in the metric class of Eq. (28) with the replacements
N(t, y, z)2 = 1 + β2
(
1− ǫ(z)2), u(t) = 1, fg(t, y, z) = 1, fn(t, y, z) = β,
gtt(t, y, z) = −
(
1 +
( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)(H(t) + H˙(t)
H(t)
))2
,
gij(t, y, z) = a(t)
2
(
1 +
( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)H(t))2δij . (32)
8C. General cosmological equations on the codimension-2 brane
We now derive the cosmological solutions in the 4D spacetime. Assuming metric (31), the induced metric on the
y = 0 hypersurface is given by
ds25 = dz
2 −
(
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
))2
dt2 + a2
(
1 +
βǫ(z)z√
1 + β2
H
)2
δijdx
idxj . (33)
Calculating the extrinsic and intrinsic curvature tensors (see Appendix A for details) and using the boundary Eq.
(17), we find the modified Friedmann equations on the codimension-2 brane,
3M24H
2 = ρ+ ρeff ,
−M24
(
2H˙ + 3H2
)
= p+ peff , (34)
where ρ and p are energy density and pressure of matter localized to the codimension-2 brane, and ρeff and peff
represent the effective energy density and pressure of the dark component
ρeff :=
6M35β√
1 + β2
H − 4M46
∫
dz
βδǫ(z)√
1 + β2(1− ǫ(z)2)
(
1 +
βǫ(z)z√
1 + β2
(H˙
H
+H
))2
,
(35)
peff := − 6M
3
5β√
1 + β2
(
H +
H˙
3H
)
+ 4M46
∫
dz
βδǫ(z)√
1 + β2(1− ǫ(z)2)
(
1 +
βǫ(z)z√
1 + β2
H
)2
.
The effective equation of state is given by
weff :=
peff
ρeff
(36)
= −1− H˙
H
1
ρeff
[ 2M35β√
1 + β2
+ 4M46
∫
dz
βδǫ(z)√
1 + β2(1− ǫ(z)2)
βǫ(z)z√
1 + β2
(
2 +
βǫ(z)z√
1 + β2
(
2H +
H˙
H
))]
.
Finally, the Bianchi identity on the codimension-2 brane gives the nonconservation law
ρ˙+ 3H
(
ρ+ p
)
= 4M46
∫
dz
βδǫ(z)√
1 + β2(1 − ǫ(z)2)
βǫ(z)z√
1 + β2
{
2
d
dt
(
H +
H˙
H
)(
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
))
+ 3H˙
(
2 +
βǫ(z)z√
1 + β2
(
2H +
H˙
H
))}
. (37)
This may not be a surprising fact since the inclusion of a codimension-2 brane thickness is already somewhat beyond
our theory (2) where the codimension-2 brane is assumed to be an infinitesimally thin object. In other words, to see
the nontrivial bulk effect on the brane dynamics, it is necessary to include a finite brane thickness. For a de Sitter
or Minkowski codimension-2 brane where H is constant, the energy conservation law on the codimension-2 brane is
satisfied even including a finite thickness. From Eq. (34) with (35), the Hubble parameter H and its derivative H˙ can
be expressed in terms of the components of the energy-momentum tensor on the codimension-2 brane, ρ and p. On
the other hand, combining the effective gravitational equation on the codimension-1 brane (15) with (A3) and (A8),
the time evolution of the energy-momentum tensor on the codimension-1 brane Sab can be expressed only in terms
of H and H˙ , and hence in terms of ρ and p, although the explicit form becomes quite complicated. Therefore, we
do not have the complete freedom to choose the energy-momentum tensor on the codimension-1 brane, but instead it
has to be tuned with that of the codimension-2 brane.
From now on, in the main text of this paper we will focus on the cosmological dynamics on the codimension-2
brane. We will discuss the dynamics on the codimension-1 brane, in more detail in Sec. 5, where we will restrict the
model parameters by imposing the null energy condition as the criterion for the stability.
D. Small brane thickness approximation
In general it is impossible to perform the integrals in Eq. (35) analytically. Here we use an approximation in which
the codimension-2 brane thickness σ is much smaller than the size of the cosmic horizon H−1. The details of the
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FIG. 2: C(β) as defined in Eq. (39).
approximation are shown in Appendix B. We then find
ρeff =
6M35β√
1 + β2
H − 4M46
[
arctan(β) + σC(β)
(
H +
H˙
H
)]
,
peff = − 6M
3
5β√
1 + β2
(
H +
H˙
3H
)
+ 4M46
[
arctan(β) + σC(β)H
]
, (38)
where we have defined
C(β) := − 1√
1 + β2
+
√
1 + β2
β
arctan(β), (39)
which is a non-negative even function of β that vanishes at β = 0 and monotonically increases towards π2 as |β| → ∞.
The conservation law on the codimension-2 brane Eq. (37) reduces to
ρ˙+ 3H(ρ+ p) = 4M46σC(β)
[ d
dt
( H˙
H
)
+ 4H˙
]
. (40)
Thus, due to a finite thickness of the codimension-2 brane there is always an energy exchange between the bulk and
the brane. The effective equation of state (37) becomes
weff = −1− H˙
H2
2M35β√
1+β2
+ 4M46σC(β)
6M35β√
1+β2
− 4M46
H
(
arctan(β) + σC(β)
(
H + H˙
H
)) . (41)
For
∣∣H˙∣∣≪ H2 and since σH ≪ 1,
weff ≃ −1− H˙
H2
M35β√
1+β2
+ 2M46σC(β)
3M35β√
1+β2
− 2M46
H
arctan(β)
. (42)
IV. DE SITTER SOLUTIONS AND THE FEATURES OF DEGRAVITATION
In this section, we give the solutions with Minkowski and de Sitter codimension-2 branes in the cascading model.
In particular, we discuss the possible features of degravitation.
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A. Minkowski codimension-2 brane
The simplest solution is a Minkowski codimension-2 brane solution which is realized by setting H = 0 and H˙ = 0
in (31). In this case, the 6D bulk metric is given by
ds26 =
(
1 + β2
(
1− ǫ(z)2))dy2 + (dz + βs(y)ǫ(z)dy)2 − dt2 + δijdxidxj . (43)
The codimension-2 brane is supported by the tension ρ = −p = λ. Modified Friedmann equations (34) reduce to the
single equation which relates the brane tension to the bulk geometry,
λ = 4M46 arctan(β), (44)
where the left-hand side shows the deficit angle in the bulk. For a Minkowski codimension-2 brane, K˜ab = 0, and the
codimension-1 brane geometry is also the 5D Minkowski spacetime. Since | arctan(β)| < 1, the brane tension can be
at most of order M46 . In Refs. [4, 7], it has been shown that the cascading gravity is ghost-free if the codimension-2
brane tension satisfies the following bound:
λ >
2r3
3r4
M46 . (45)
This condition is satisfied as long as two crossover scales satisfy r3 < r4. Perturbations about the Minkowski
codimension-2 brane solution (43) and stability have been explicitly analyzed in the recent work Ref. [7].
B. De Sitter codimension-2 brane and degravitation
Now we consider the de Sitter codimension-2 brane solution where a(t) = a0e
H0t. In particular, we focus on the
possible features of degravitation. In this case the 6D bulk metric (31) reduces to
ds26 =
(
1 + β2
(
1− ǫ(z)2))dy2 + (dz + βs(y)ǫ(z)dy)2 − (1 + ( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)H0)2dt2
+ a20e
2H0t
(
1 +
( βǫ(z)z√
1 + β2
+
√
1 + β2|y|)H0)2δijdxidxj . (46)
Here the codimension-2 brane can be supported only by the tension with ρ = −p = λ. The effective cosmological
equations (34) reduce to a single integral equation
3M24H
2
0 = λ+ ρeff , (47)
where
ρeff = −peff = 6M
3
5β√
1 + β2
H0 − 4M46
∫
dz
βδǫ(z)√
1 + β2
(
1− ǫ(z)2)
(
1 +
βǫ(z)z√
1 + β2
H0
)2
. (48)
In the following, we obtain explicit de Sitter 3-brane solutions. The solution to Eq. (47) gives the expansion rate
of the de Sitter codimension-2 brane. The solution of H0 > 0 (< 0) represents an expanding (contracting) de Sitter
universe in terms of the flat slicing. In the case of λ = 0, we discuss some self-accelerating solutions.
1. Recovering DGP solutions
In the absence of the bulk gravity whereM6 → 0, the modified cosmological equation on codimension-2 brane reads
3M24H
2
0 = λ+
6M35β√
1 + β2
H0, (49)
which corresponds to the cosmological equation in the DGP model with a codimension-2 brane tension. The solution
is then given by
H
(±)
0 =
3M35β√
1+β2
±
√( 3M35β√
1+β2
)2
+ 3M24λ
3M24
, (50)
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λ β H
(+)
0 H
(−)
0
λ > 0 β > 0 Expanding Contracting
β < 0 Expanding Contracting
λ = 0 β > 0 Expanding Minkowski
β < 0 Minkowski Contracting
− 3M
6
5β
2
M2
4
(1+β2)
< λ < 0 β > 0 Expanding Expanding
β < 0 Contracting Contracting
TABLE I: In this table the classification of solutions is shown. The terms “expanding” and “contracting” denote the expanding
and contracting de Sitter universe, respectively. The term “Minkowski” denotes the Minkowski codimension-2 brane. Note
that the same terms are used in the subsequent tables.
where H
(+)
0 > H
(−)
0 . If λ > 0, irrespective of the sign of β the solution of H
(+)
0 represents the expanding de Sitter
universe and that of H
(−)
0 represents the contracting de Sitter universe. If − 3M
6
5β
2
(1+β2)M24
< λ < 0, for β > 0 both the
solutions of H
(±)
0 represent the expanding de Sitter universe while for β < 0 both the solutions of H
(±)
0 represent the
contracting de Sitter universe. If λ = 0, for β > 0 the solution of H
(+)
0 =
2M35β√
1+β2M24
gives the self-accelerating solution
of the DGP model, while for β < 0 the solution of H
(+)
0 = 0 gives the normal branch Minkowski brane solution of
DGP. But the self-accelerating solution in the DGP model is known to be unstable. The classification of solutions is
shown in Table I.
2. Degravitation features in the limit of zero brane thickness
In this section we study the effective cosmological equations (47) in the limit of zero thickness of the codimension-2
brane. In this case Eq. (47) becomes
3M24H
2
0 = λ˜+
6M35β√
1 + β2
H0, λ˜ := λ− 4M46 arctan(β). (51)
The solution is simply given by Eq. (50) classified in Table 1, with replacement of λ with λ˜. In the case of λ = 0, for
β > 0 both the solutions of H
(±)
0 give rise to a self-accelerating universe for M
6
5 >
4M24M
4
6 (1+β
2) arctan β
3β2 . For β < 0
only the solution of H
(+)
0 provides the self-accelerating universe, while H
(−)
0 leads to a contracting universe. However,
these self-accelerating solutions might be unstable against perturbations due to the possible existence of a ghost mode
because they do not satisfy the condition (45).
Now we argue the possible connections of our solutions to the degravitation expected in the cascading model. We
focus on the case of λ˜ < 0 and β > 0 where both solutions represent the expanding de Sitter universe. In the limiting
case of 3M65β
2 ≫ −(1 + β2)M24 λ˜, we have
H
(−)
0
H
(+)
0
≃ − (1 + β
2)
12β2
r3
r4
λ˜
M46
≪ 1, (52)
for λ˜
M46
= O(1) as long as r3 ≪ r4. The physical meaning of Eq. (52) is clearly understood as follows: The H(−)0
solution with the tension 23
M24M
8
6
M65
< λ < 4M46 arctanβ, which is expected to be ghost-free, gives a much smaller
expansion rate than one in the self-accelerating branch in the 5D DGP model with an expansion rate of order H
(+)
0 .
In addition, rewriting the H
(−)
0 solution in the same limit
H
(−)
0
2 ≃ 1
3M24
(r3
r4
)
|λ˜| ≪ 1
3M24
|λ˜|, (53)
shows that the effect of the effective vacuum energy λ˜ on the Hubble expansion rate is suppressed by the ratio r3
r4
in
comparison with the naive expectation from the ordinary 4D cosmology. This implies a deep connection of our results
with the degravitation idea and shows that cascading model can provide a mechanism that could support a small
expansion rate in the presence of a large cosmological constant i.e., tension. Moreover, although the suppression in
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the 6D model is not enough to explain the fine-tuning problem for obtaining a tiny expansion rate which is suggested
from observations, the cascading gravity model may be extendable to higher-dimensional cases, which may lead to
more crossover scales ri :=
M
i−1
i+1
Mi
i+2
(i = 5, 6, 7, · · · ) with ri ≪ ri+1. Then we can expect that the fine-tuning problem
will be alleviated more than in the 6D model.
3. Degravitation features with a small brane thickness
In general, it is impossible to solve the integral Eq. (47) with (48) analytically when a finite thickness of the
codimension-2 brane is taken into consideration. Here, we use the small thickness approximations given in the
previous section and in Appendix B. Using (38), Eq. (47) reduces to the quadratic equation for H0 which leads to
the solutions
H0 = H
(±)
0 :=
1
3
√
1 + β2M24
[
3M35β − 2
√
1 + β2σC(β)M46
±
√(
3M35β − 2
√
1 + β2σC(β)M46
)2
+ 3M24 (1 + β
2)λ˜
]
. (54)
There is no physical solution for
λ˜ < λ˜∗ := − (3M
3
5β − 2
√
1 + β2σC(β)M46 )
2
3(1 + β2)M24
. (55)
If λ˜ > 0 the solution ofH
(+)
0 always represents the expanding de Sitter universe. If λ˜∗ < λ˜ < 0 and β >
2
√
1+β2σC(β)M46
3M35
both solutions of H
(±)
0 represent the expanding de Sitter universe. In the absence of the brane tension, λ = 0, we
can obtain self-accelerating solutions. If β > 0, for 3M35β > 2
√
1 + β2σC(β)M46 , both solutions of H
(±)
0 give self-
accelerating universes, while if β < 0 only the solution of H
(+)
0 gives a self-accelerating universe. However, these
self-accelerating solutions might be unstable against perturbations since they do not satisfy the condition (45). The
classification of solutions is shown in Table II.
Finally, we argue the connections of the H
(−)
0 solution with the idea of degravitation. For β > 0 and 3M
3
5β >
2
√
1 + β2σC(β)M46 , in the limit of λ˜≫ λ˜∗, we obtain
H
(−)
0
H
(+)
0
≃ − 1(
1− 2
√
1+β2σC(β)
3βr4
)2 1 + β
2
12β2
(r3
r4
) λ˜
M46
≪ 1, (56)
and
H
(−)
0
2 ≃ 1
3M24
(r3
r4
) 1(
1− 2
√
1+β2σC(β)
3βr4
)2 |λ˜|, (57)
for λ˜
M46
= O(1) and r3
r4
≪ 1. These equations differ from Eq. (53) by the factor (1 − 2√1+β2σC(β)3βr4 )−2which depends
on the thickness of the brane. Since r4 ≫ σ, where r4 could be macroscopic and σ is microscopic, the effects of the
brane thickness are small. Therefore, one could still conclude that the Hubble expansion rate is much smaller than
the one in ordinary 4D cosmology, namely, H
(−)
0
2 ≪ 1
3M24
|λ˜|. Thus, irrespective of the inclusion of a small thickness,
the cascading model exhibits features of degravitation.
In the next section, we will discuss the properties of the energy-momentum tensor of matter field localized on the
codimension-1 brane. Our criterion for the stability is whether the solution satisfies the null energy condition. We
will also investigate whether it is compatible with the expected ghost-free condition discussed in this section.
V. DYNAMICS ON THE CODIMENSION-1 BRANE AND STABILITY
A. Components of the energy-momentum tensor on the codimension-1 brane
Here we shall briefly mention the dynamics on the codimension-1 brane. The nonvanishing components of the
extrinsic curvature tensors on the codimension-1 brane are given in Appendix A. The components of the energy-
momentum tensor on the codimension-1 brane Sab are determined by the gravitational equations (13). From Eq.
13
λ β H
(+)
0 H
(−)
0
λ˜ > 0 β >
2
√
1+β2σCM46
3M35
Expanding Contracting
β <
2
√
1+β2σCM46
3M35
Expanding Contracting
λ˜ = 0 β >
2
√
1+β2σCM46
3M3
5
Expanding Minkowski
β <
2
√
1+β2σCM46
3M3
5
Minkowski Contracting
λ˜∗ < λ˜ < 0 β >
2
√
1+β2σCM46
3M35
Expanding Expanding
β <
2
√
1+β2σCM46
3M35
Contracting Contracting
TABLE II: Classification of solutions with a codimension-2 brane thickness.
(13) and the fact that K˜zµ = 0 along the codimension-1 brane (µ = t, i), we get Szµ=0. Thus, it is straightforward
to check that the components of the extrinsic curvature tensor satisfy the condition ∇b(K˜ba − δbaK˜) = 0. Hence,
the conservation law equation ∇bSba = 0 is also satisfied. Similarly in the case of a codimension-2 brane without
a thickness, since all the components of the 6D Einstein tensor vanish everywhere in the bulk, there is no energy
exchange between the codimension-2 brane and the bulk. But the inclusion of a finite thickness leads to an energy
exchange between them if the codimension-2 brane geometry is not Minkowski or de Sitter symmetry.
For a de Sitter codimension-2 brane, using Eq. (13) together with (A11) and (A12), the energy-momentum tensor
of matter localized to the codimension-1 brane is given by
Sµν =
−3H20M35 + 6M46H0
(√
1 + β2 + βH0z
)
(√
1 + β2 + βH0z
)2 δµν = M46H0−3H0r4 + 6(
√
1 + β2 + βH0z)(√
1 + β2 + βH0z
)2 δµν ,
Szz =
−6H20M35 + 8M46H0
(√
1 + β2 + βH0z
)
(√
1 + β2 + βH0z
)2 =M46H0−6H0r4 + 8(
√
1 + β2 + βH0z)(√
1 + β2 + βH0z
)2 , (58)
The five-dimensional energy density and pressures are defined by ρ5 = −Stt, p5 = 13Sii and p5,z = Szz. The
codimension-1 brane can be supported by matter which has anisotropic pressure p5 6= p5,z. Note that they are regular
in the codimension-2 brane limit of z → 0. In this section, we focus on the expanding four-dimensional de Sitter
universe.
As the criterion for the stability of the codimension-1 brane, we will impose the null energy condition for the energy
momentum tensor, Sabn
anb ≥ 0, where na is an arbitrary null vector field on the codimension-1 brane. In our case,
the null energy condition is given by
ρ5 + p5 ≥ 0, ρ5 + p5,z ≥ 0. (59)
In the rest of this paper, we will focus on the behavior of the energy-momentum tensor of matter localized on the
codimension-1 brane in the various limiting cases. Imposing the null energy condition, we will discuss the restrictions
on the model parameters.
B. Behaviors of the energy-momentum tensor
In this subsection, we discuss the behavior of the energy-momentum tensor and restrict the model parameters.
First, around the codimension-2 brane z → 0+, the five-dimensional energy density and pressures satisfy
ρ5 + p5 = 0, ρ5 + p5,z = M
4
6H0
−3r4H0 + 2
√
1 + β2
1 + β2
. (60)
Imposing the null energy condition Eq. (59), for H0 > 0 we obtain an upper bound on H0:
H0 ≤ 2
√
1 + β2
3r4
. (61)
Second, we investigate the behavior away from the codimension-2 brane. For β < 0, the energy-momentum tensor
diverges at z = −
√
1+β2
H0β
, where a singularity on the codimension-1 brane appears. Thus we have to impose β > 0,
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for which it is regular on the codimension-1 brane (z > 0). In the limit z →∞,
ρ5 + p5
∣∣
z→∞ = 0, ρ5 + p5,z
∣∣
z→∞ →
2M46
βz
> 0. (62)
Thus for β > 0, and if Eq. (61) is satisfied, the null energy condition is satisfied over the codimension-1 brane.
C. Restrictions on the parameters
Finally, we apply the above constraints to the solutions obtained in the zero thickness limit in Sec. 4.2.2. As we
have seen in Sec. 4.2.3, as long as the thickness of the codimension-2 brane is negligibly small, corrections due to a
finite thickness are also negligible. Thus it is enough to focus on this limit. The solutions to Eq. (51) are given by
H
(±)
0 =
1
3r3
[ 3β√
1 + β2
±
√( 3β√
1 + β2
)2
+
3λ˜
M46
r3
r4
]
. (63)
We impose β > 0, for which both solutions of H
(±)
0 describe the expanding de Sitter universes. In order to make both
solutions real and positive, we have to impose a condition on the tension
0 <
(− λ˜)
M46
<
3β2
1 + β2
r4
r3
. (64)
If |λ˜| ≪ 3β21+β2 r4r3M46 with λ˜ = O(M46 ), the solutions H
(±)
0 approach
H
(+)
0 ≃
2β√
1 + β2
1
r3
, H
(−)
0 ≃
√
1 + β2
6β
|λ˜|
M46
1
r4
, (65)
respectively. Concerning the solutions of H
(+)
0 >
2β√
1+β2
1
r3
, if r3 ≪ r4, they cannot satisfy Eq. (61). This condition
becomes more severe than that of the expected ghost-free condition in the previous section that suggests the stability
of the solution of H
(+)
0 for β > 0.
Concerning the solutions of H
(−)
0 , because of H
(−)
0 >
√
1+β2
6β
|λ˜|
M35
and Eq. (61), a solution which satisfies the null
energy condition can be obtained for the codimension-2 brane tension (−λ˜)
M46
< 4β, where we have used r3 ≫ r4.
Combined with Eq. (64), a tighter bound on the brane tension is obtained
0 <
(−λ˜)
M46
< 4β. (66)
For the brane tension of (66), the solution of H
(−)
0 would be stable, and H
(−)
0 ≪ H(+)0 . On the other hand, as we
mentioned in Sec. 4.2.2, for (−λ˜) > 0 and β > 0, the expected ghost-free condition 23 r3r4 < λ < 4M46 arctanβ is
rewritten as
0 <
(−λ˜)
M46
< 4 arctan(β)− 2r3
3r4
≃ 4 arctan(β) ≃ 4β (67)
for 0 < r3
r4
≪ β < 1. Thus, for the branch of H(−)0 , the condition which we have obtained (66) is approximately
consistent with the expected ghost-free condition (67).
VI. CONCLUSION
We have presented a formulation of the nonlinear effective gravitational theory in the 6D cascading gravity model.
This model is a higher-dimensional extension of the 5D DGP braneworld model. In the simplest 6D model we
are living on a codimension-2 brane that is located on a codimension-1 brane embedded into a 6D bulk. The
particularly interesting expectations are that this model may exhibit a degravitation where the gravitational force
15
falls off sufficiently fast, and is also free from a ghost instability if the tension of the codimension-2 brane satisfies a
bound. An important aim for presenting our formulation is to see whether in reality the idea of degravitation could
work for the cascading model, through an explicit investigation of cosmological solutions. The gravitational equations
on the codimension-2 brane are composed of the contributions of matter on the codimension-2 brane, the induced
gravity on the codimension-1 brane and the gravity in the 6D bulk. The bulk contribution is given by integrating over
the sixth direction across the codimension-2 brane along the codimension-1 brane. After the derivation of the general
equations of motion in the cascading model, we applied them to cosmology where the codimension-2 brane geometry
is described by a flat Friedmann-Robertson-Walker universe, and we obtained the modified Friedmann equations. In
the zero thickness limit of the codimension-2 brane, the bulk contribution becomes an effective cosmological constant
whose sign depends on the sign of β. A finite thickness, however, leads to an energy exchange between the bulk
and the codimension-2 brane, except for the cases where the codimension-2 brane geometry is exactly Minkowski or
de Sitter. On the other hand, there is no energy exchange from or into the codimension-1 brane in any case. Note
that our solutions are obtained in a different setup from that in the original cascading gravity model [1, 4], in the
sense that the codimension-1 brane contains matter fields other than the pure tension. It turns out that in our model
the energy-momentum tensor on the codimension-1 brane is not the one which was motivated from a simple field
theory model, like a scalar field. It is also interesting to compare cosmological behaviors in the cascading gravity
model with those in the six-dimensional intersecting brane model with the induced gravity terms [15–17]. In this
model, the second codimension-1 brane intersects the first codimension-1 brane at the position of the codimension-2
brane. For a de Sitter codimension-2 brane with H˙ = 0, the cascading gravity model exhibits similar behaviors to
the intersecting brane model, in the sense that in the thin codimension-2 brane limit the bulk contribution induces
an effective cosmological constant on the codimension-2 brane [16]. For a more general homogeneous and isotropic
codimension-2 brane with H˙ 6= 0, some differences arise: in the intersecting brane model the energy-momentum of
matter on the codimension-2 brane is not conserved except for the case where the codimension-1 branes are at a right
angle [17], while in the cascasding gravity model it is conserved if we ignore the thickness of the codimension-2 brane.
Finally, we have discussed the Minkowski and de Sitter codimension-2 brane solutions. The Minkowski codimension-
2 brane solution is realized if both the bulk and codimension-1 brane are empty and the codimension-2 brane tension
takes a particular value determined by the bulk geometry. In the de Sitter brane solutions, the bulk gravity effect
gives rise to a new branch of the solution which can give an expanding de Sitter codimension-2 brane solution that is
expected to be stable and has a much smaller expansion rate than in the original DGP model; this leads to alleviation
of the fine-tuning problem. We have also shown some de Sitter solutions with the small expansion rate which could
have deep connections with the idea of degravitation. This result shows that the cascading model provides a dynamical
mechanism to resolve the cosmological constant problem. We have also argued the stability of our model, in terms of
whether the energy-momentum tensor on the codimension-1 brane satisfies the null energy condition. It restricts the
model parameters severely. Among two branches of the de Sitter solutions, the branch which has the smooth limit to
the self-accelerating solution in the 5D DGP model cannot satisfy the null energy condition. On the other hand, the
above new branch solution can satisfy it, if the tension satisfies (66). This bound from the null energy condition is
approximately consistent with the expected ghost-free condition in [2, 4].
Before closing this paper, we would like to comment more on connections with the degravitation [1, 5]. As shown
in the effective Friedmann equation Eq. (53), the contribution of the effective cosmological constant λ˜ to the Hubble
expansion rate is suppressed by the ratio r3
r4
in comparison with the naive expectation from the ordinary 4D cosmology.
This result shows that cascading gravity model can provide a mechanism that could support a small expansion rate in
the presence of a large effective cosmological constant. The degravitation [1, 5], however, requires that the cosmological
constant is completely decoupled from gravity. In such a sense our model is not sufficient to provide the complete
degravitation. But, as argued below (53), the cascading gravity model may be extendable to higher-dimensional
cases, which leads to more crossover scales ri :=
M
i−1
i+1
Mii+2
(i = 5, 6, 7, · · · ) with ri ≪ ri+1. Thus we expect that more
suppression factors provided by the combinations of the new crossover scales will appear in the right-hand side of
the effective Friedmann equation as the number of the total spacetime dimension increases, and the effect of the
cosmological constant on the Hubble expansion rate would be weakened drastically. The other important feature
of the degravitation is the scale dependence of the effective gravitational coupling. At the linearized level, results
supporting the scale dependence have been obtained in [2, 4]. In the case of the homogeneous and isotropic cosmology,
the assumptions in deriving (53) were 3M65β
2 ≫ (1 + β2)M24 |λ˜| and |λ˜|M46 = O(1) with r3 ≪ r4. In the early universe
when the cosmic energy density is much larger than |λ˜|, the correction terms from the codimension-1 brane and the
6D bulk would be negligible. Thus we expect that the evolution of the early universe, e.g., inflation, will not be
affected by them.
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Appendix A: Components of tensors
1. For a general cosmological brane
On the codimension-1 brane, using metric (31) with the identification Eq. (32) and following the definition of Eq.
(14), we obtain the components of the extrinsic curvature K˜ab except for the contribution of the codimension-2 brane:
K˜tt =
1
N
s(y)
(
H + H˙
H
)
√
1 + β2 +
(
βǫ(z)z + (1 + β2)|y|)(H + H˙
H
)
K˜ij =
δij
N
s(y)H√
1 + β2 +
(
βǫ(z)z + (1 + β2)|y|)H ,
K˜zz = K˜zt = K˜zi = 0. (A1)
In the limit of y → 0+, noting that N = 1 off the codimension-1 brane y 6= 0, we obtain the nonvanishing components
of the extrinsic curvature tensor except for the contribution of the codimension-2 brane
K˜tt →
H + H˙
H√
1 + β2 + βǫ(z)z
(
H + H˙
H
) , K˜ij → H√
1 + β2 + βǫ(z)zH
δij , (A2)
and hence the nonvanishing components of the combination appearing in the junction condition
K˜tt − K˜ → − 3H√
1 + β2 + βǫ(z)zH
, K˜ij − δijK˜ → −
( H + H˙
H√
1 + β2 + βǫ(z)z
(
H + H˙
H
) + 2H√
1 + β2 + βǫ(z)zH
)
δij ,
K˜zz − K˜ → −
( H + H˙
H√
1 + β2 + βǫ(z)z
(
H + H˙
H
) + 3H√
1 + β2 + βǫ(z)zH
)
. (A3)
Given the 5D metric (33), following the definition of (9) with
N = 1, N t = N i = 0, gtt = −
(
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
))2
, gij = a(t)
2
(
1 +
βǫ(z)z√
1 + β2
H
)2
δij , (A4)
the nonvanishing components of Kµν defined on the codimension-1 brane (y = 0) are given by
Ktt =
(
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
))−1β(ǫ(z) + 2zδǫ(z))√
1 + β2
(
H +
H˙
H
)
,
Kij = δij
(
1 +
βǫ(z)z√
1 + β2
H
)−1β(ǫ(z) + 2zδǫ(z))√
1 + β2
H, Kti = 0. (A5)
Since in the induced metric (33) ǫ(z) dependence appears in the form of ǫ(z)z, the diagonal components of Kµν are
proportional to 2δǫ(z)z + ǫ(z). But on the codimension-1 brane, the codimension-2 brane is a codimension-1 object
and the thin brane limit [ǫ(z)→ s(z) and δǫ(z)→ δ(z)] can be smoothly taken. Noting zδ(z)→ 0, we obtain
Ktt →
(
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
))−1 β√
1 + β2
(
H +
H˙
H
)
s(z),
Kij → δij
(
1 +
βǫ(z)z√
1 + β2
H
)−1 β√
1 + β2
Hs(z), Kti = 0. (A6)
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Thus, there is no explicit dependence on δ(z). In the codimension-2 brane limit of z → 0+
Ktt → β√
1 + β2
(
H +
H˙
H
)
, Kij → δij β√
1 + β2
H. (A7)
The components of the five-dimensional Einstein tensor on the codimension-1 brane are given by
(5)Gzz =
3(A2 − 1)H(
1 +HAz
)2
(H + (H2 + H˙)Az)
(
2H(H2 + H˙)Az + 2H2 + H˙
)
,
(5)Gtt =
3(A2 − 1)H2(
1 +HAz
)2 ,
(5)Gij =
H(A2 − 1)(
1 +HAz
)2
(H + (H2 + H˙)Az)
(
3H(H2 + H˙)Az + 2H˙ + 3H2
)
δij, (A8)
where we have defined A := β√
1+β2
.
On the codimension-2 brane, the nonvanishing components of the Einstein tensor are given by
(4)Gtt = −3H2, (4)Gij = −δij
(
3H2 + 2H˙
)
. (A9)
The homogeneity and isotropy of the geometry on the codimension-2 brane restricts the form of the energy-momentum
tensor to have only the diagonal components
T tt = −ρ, T ij = pδij . (A10)
2. For a de Sitter codimension-2 brane
For a de Sitter codimension-2 brane Eqs. (A3) reduce to
K˜µν − δµνK˜ = − 3H0√
1 + β2 + βzH0
δµν , K˜
z
z − K˜ = − 4H0√
1 + β2 + βzH0
, (A11)
where H0 is given by the solution of Eq. (51). On the other hand, from Eq. (A8)
(5)Gµν = − 3H
2
0(√
1 + β2 + βH0z
)2 δµν , (5)Gzz = − 6H20(√
1 + β2 + βH0z
)2 . (A12)
Appendix B: Small thickness approximations
Here we explain the small thickness approximation which has been used in the text. We use the representation
ǫ(z) = tanh
(
z
σ
)
, which leads to δǫ(z) =
1
2ǫ
′(z) = 1
2σ cosh2
(
z
σ
) . In the limits of σ → 0, it approaches the usual sign
s(z) and delta functions δ(z), respectively. Thus σ denotes the thickness of the codimension-2 brane. Here we assume
σH ≪ 1; namely, the brane thickness is much smaller than the size of the cosmological horizon, which is reasonable.
Keeping the leading order corrections due to a finite thickness, for example, the integral term in the effective dark
energy density, Eq. (35) becomes
∫ ∞
−∞
dz
βδǫ(z)√
1 + β2(1 − ǫ(z)2)
[
1 +
βǫ(z)z√
1 + β2
(
H +
H˙
H
)]2
=
1
2
∫ 1
−1
βdǫ√
1 + β2(1 − ǫ2)
[
1 +
βǫz(ǫ)√
1 + β2
(
H +
H˙
H
)]2
≃ 1
2
∫ 1
−1
βdǫ√
1 + β2(1− ǫ2)
[
1 +
2βσǫ2√
1 + β2
(
H +
H˙
H
)]
≃ arctan(β) +
(
H +
H˙
H
)
σC(β), (B1)
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where C(β) is defined in Eq. (39) and shown in Fig. 2. The same procedure is also applied for the integral term in
the effective pressure Eq. (35).
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